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In this paper, by comparing the time scales associated with the velocity relaxation and correlation time of
the random force due to dust charge fluctuations, memory effects in the velocity relaxation of an isolated
dust particle exposed to the random force due to dust charge fluctuations are considered, and the velocity
relaxation process of the dust particle is considered as a non-Markovian stochastic process. Considering
memory effects in the velocity relaxation process of the dust particle yields a retarded friction force, which is
introduced by a memory kernel in the fractional Langevin equation. The fluctuation-dissipation theorem for
the dust grain is derived from this equation. The mean-square displacement and the velocity autocorrelation
function of the dust particle are obtained, and their asymptotic behavior, the dust particle temperature due
to charge fluctuations, and the diffusion coefficient are studied in the long-time limit. As an interesting
feature, it is found that by considering memory effects in the velocity relaxation process of the dust particle,
fluctuating force on the dust particle can cause an anomalous diffusion in a dusty plasma. In this case,
the mean-square displacement of the dust grain increases slower than linearly with time, and the velocity
autocorrelation function decays as a power-law instead of the exponential decay. Finally, in the Markov limit,
these results are in good agreement with those obtained from previous works for Markov (memoryless) process
of the velocity relaxation.
I. INTRODUCTION
Dust particles in a dusty plasma acquire a net electric
charge by collecting electrons and ions from the back-
ground plasma. The dust grain charge fluctuates in time
because of the discrete nature of charge carriers1. Elec-
trons and ions arrive at the dust surface at random times.
For this reason, the charge fluctuates. These fluctuations
always exist even in a steady-state uniform plasma2.
Dust charge fluctuations have been investigated by
many researchers3–9. In a dusty plasma, there are many
phenomena that dust charge fluctuations can be consid-
ered as a reason for them such as heating of dust par-
ticles system10–12, instability of lattice oscillations in a
low-pressure gas discharge13,14, and the formation of the
shock waves in dusty plasmas15. Also, the motion of dust
particles under the influence of the random force due to
dust charge fluctuations has been investigated in some
studies16–18. In these studies, the motion of dust par-
ticles has been modeled by Brownian motion based on
the Fokker-Planck or Langevin equations, assuming that
dust charge fluctuations are fast. It means that the re-
laxation timescale for charge fluctuations is much shorter
than the relaxation time for the dust velocity; hence, they
have considered the stochastic motion of dust particles
as a Markov process with no memory. It means that the
stochastic motion of the dust after the time t is entirely
independent of its history before the time t, i.e., the dust
particle has no memory of the past.
The values of the relaxation timescale for dust charge
fluctuations and the dust velocity entirely depend on the
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dusty plasma parameters. For example, Hoang et al.19
showed that the relaxation time of dust charge fluctua-
tions τc is comparable to the relaxation time of the dust
velocity τr, i.e., τc ≈ τr for very small dust particles
with radius a 6 5× 10−8 cm in the interstellar medium.
In addition to space dusty plasmas, in laboratory dusty
plasmas depending on the plasma parameters, such as
pressure or density of the neutral gas, τc is comparable
to τr. As a result, in such situations, the main assump-
tions of fast charge fluctuations and the Markov process
for the velocity relaxation of the dust particle become
inappropriate. Thus, memory effects are important in
the velocity relaxation of dust particles as a non-Markov
process, and they cannot generally be neglected.
In this paper, we study memory effects in the veloc-
ity relaxation of the dust particle exposed to the random
force due to charge fluctuations. We present an ana-
lytic model based on a fractional Langevin equation. We
will show that in the presence of memory effects in the
velocity relaxation, dust charge fluctuations can cause
an anomalous diffusion of the dust particle in a dusty
plasma. The anomalous diffusion of dust particles has
been experimentally observed in laboratory dusty plas-
mas20,21, and our research provides a possible reason for
this behavior based on the memory effects. It is impor-
tant to note here that the diffusion of a dust particle
means a process of random displacements of a dust par-
ticle in a specified time interval.
The paper is organized as follows. In section II, we
introduce major timescales characterizing dynamics of
the dust particle. In section III, a model based on the
fractional Langevin equation is presented and solved us-
ing the Laplace transform technique. In section IV, we
calculate the mean-square displacement and the velocity
autocorrelation function of the dust grain. Section V is
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2devoted to the analysis of the asymptotic behavior of the
results. Section VI contains summary and conclusions.
II. TIMESCALES
Let us consider an isolated spherical dust particle in
the sheath, and study the relaxation timescales of dust
charge fluctuations and the dust velocity. The parti-
cle is charged by collecting electrons and ions from the
plasma. The particle charge fluctuates about the steady-
state value because of the discrete nature of the electron
and ion currents2. It was shown that the autocorrela-
tion function of dust charge fluctuations has the following
form7
〈δZ(t)δZ(t′)〉 = 〈δZ2〉 exp (−β|t− t′|) , (1)
where δZ(t)=Z(t)–Z0, Z(t) is the instantaneous charge,
Z0 is the steady-state (equilibrium) charge, 〈δZ2〉 is the
square of the amplitude of random charge fluctuations,
and charging frequency β is defined as the relaxation fre-
quency for small deviations of the charge from the equi-
librium value Z0. For the isolated dust particle under the
condition a λD  λmfp, where a is the dust radius, λD
is the screening length due to electrons and ions, and λmfp
is the mean free path for electron-neutral or ion-neutral
collisions, the charging frequency can be calculated by
using the orbital- motion-limited (OML) theory22
β = −d(Ii − Ie)
dZ
∣∣∣∣
Z=Z0
=
1 + z√
2pi
a
λDi
ωpi (2)
where Ii=
√
8pia2nivTi
(
1− Ze2/aTi
)
is the ion flux,
Ie=
√
8pia2nevTeexp
(
Ze2/aTe
)
is the electron flux to the
particle surface, vTi(e)=
(
Ti(e)/mi(e)
)1/2
is the ion (elec-
tron) thermal velocity, Ti(e), mi(e), and ni(e) are ion (elec-
tron) temperature, mass, and number density, respec-
tively, z=|Z|e2/aTe is the absolute magnitude of the par-
ticle charge in the units aTe/e
2, λDi=
√
Ti/4pie2ni is the
ionic Debye radius, and ωpi=vTi/λDi is the ion plasma
frequency.
Let us now consider an isolated dust particle with
fluctuating charge in the sheath. To separate the dust
particle transport due to dust charge fluctuations from
other processes, which in turn can influence the dust mo-
tion in the plasma sheath, we only consider the gravita-
tional, electric field, and neutral drag forces on the dust.
We hence neglect the ion drag, electron drag, and ther-
mophoretic forces, collisions between dust particles, and
other processes, which can be included in more realistic
models23. The motion of this dust particle is treated as
a stochastic process because of the stochastic nature of
the force due to dust charge fluctuations, and it can gen-
erally be modeled by a normal Langevin equation of the
form10
v˙(t) + γv(t) = f(t) + ξ(t), (3)
where v(t) is the velocity of the dust particle, −γv(t) is
the neutral drag force per unit mass,γ is the damping rate
due to neutral gas friction, ξ(t) is the stochastic Langevin
force per unit mass due to collisions with the neutral gas
molecules, and f(t) is the random force per unit mass
representing the effect of dust charge fluctuations. Here,
the forces acting on a dust are the electric force due
to the sheath electric field, the gravitational force, and
the stochastic Langevin force, i.e., F (t)=FZ(t)+Fg+ξ(t).
The electric force is given by FZ(t)=eEZ(t), where
Z(t)=Z0+δZ(t) is the instantaneous dust charge, and E
is the electric field. Note that, for simplicity, we have ne-
glected the fluctuations of the electric field. The force can
be written as F (t)=F0+f(t)+ξ(t), where F0=eEZ0+Fg.
Thus, the random force due to dust charge fluctuations
has the following form
f(t) = eEδZ(t). (4)
In a steady state eEZ0+Fg=0, so that F (t)=f(t)+ξ(t).
By using Eqs. (4) and (1), one can see that the random
force due to dust charge fluctuations per unit mass has
following properties
〈f(t)〉 = 0, 〈f(t)f(t′)〉 = e
2E2
m2d
〈δZ2〉 exp (−β|t − t ′|)
(5)
where md is the dust particle mass. The stochastic
Langevin force per unit mass has following properties
〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = Snδ(t− t′), (6)
where Sn is the intensity of the stochastic Langevin force.
By solving the Eq. (3), the dust velocity is obtained in
the following form
v(t) = v(0)e−γt +
∫ t
0
(f (t ′) + ξ(t ′)) e−γ(t−t
′)dt′; (7)
then, mean-square velocity is obtained in the form of
〈v2(t)〉 = v(0)e−2γt +
∫ t
0
∫ t
0
dt′dt′′e−γ(t−t
′)e−γ(t−t
′′)×
〈(f(t′) + ξ(t′)) (f(t′′) + ξ(t′′))〉. (8)
Then, by using the fact that the stochastic Langevin force
and the random force due to dust charge fluctuations
come from different sources; therefore, they are uncorre-
lated and independent, so that
〈f(t′)ξ(t′′)〉 = 〈ξ(t′)f(t′′)〉 = 0,
then by substituting in Eq. (8), and using Eqs. (5)
and (6), we obtain
〈v2(t)〉 = v(0)e−2γt +
∫ t
0
∫ t
0
dt′dt′′e−γ(t−t
′)e−γ(t−t
′′)×
3(
Snδ(t
′ − t′′) + e
2E2
m2d
〈δZ2〉e−β(t′−t′′)
)
. (9)
By taking the integral and applying the limit t→∞, we
obtain the long-time behavior of the mean-square veloc-
ity in the following form
〈v2(t)〉t→∞ = Sn
2γ
+
e2E2
2m2dβγ
〈δZ2〉. (10)
The mean-square velocity in long-time limit is represen-
tative of the dust temperature
Td = md〈v2(t)〉t→∞ (11)
therefore, from Eq. (10), one can see that the dust tem-
perature has two part. One part is due to collisions with
the neutral gas molecules, Tn, and another part is due to
dust charge fluctuations, Tf , so that
Td = Tn + Tf , (12)
where
Tn =
mdSn
2γ
, Tf =
e2E2
2mdβγ
〈δZ2〉.
Note that since we want to study the role of dust charge
fluctuations in the dust particle transport, we neglect the
stochastic Langevin force, and we assume that the ran-
dom force due to dust charge fluctuations is important.
Therefore, in the absence of stochastic Langevin force
(ξ(t)=0), Td=Tf , and the Langevin equation Eq. (3) re-
duces to
v˙(t) + γv(t) = f(t), (13)
Now, we study the major timescales characterizing dy-
namics of the charged grain. First, we introduce a dimen-
sionless parameter , which characterizes memory effects
in the velocity relaxation for stochastic processes
 =
τr
τc
, (14)
τr =
1
Cv(0)
∫ ∞
0
Cv(t)dt, τc =
1
Cf (0)
∫ ∞
0
Cf (t)dt (15)
where τr is the relaxation time of the velocity, τc is
the correlation (relaxation) time of the random force,
Cv(t) = 〈v(0)v(t)〉 is the velocity autocorrelation func-
tion (VACF), and Cf (t)=〈f(0)f(t)〉 is the random force
autocorrelation function. In general, stochastic processes
are classified into two types of Markov and non-Markov
processes based on the timescales24,25:
• A stochastic process is said to have memory effects
in the velocity relaxation, if its relaxation time of
the velocity is comparable to the relaxation time
of the random force, i.e., τr ≈ τc. Then, according
to Eq. (14), we find that  ≈ 1. In this situation,
the stochastic process is called a non-Markov pro-
cess with memory effects in the velocity relaxation.
The memory in the velocity means that the veloc-
ity of the particle at the current time depends on
its velocity at all past times.
• However, the situation τr  τc corresponds to a
memoryless behavior, meaning that the velocity at
the current time is entirely independent of the ve-
locity at all past times. In this case, the stochastic
process is called a Markov process, and according
to Eq. (14), we find that →∞.
Let us calculate the relaxation timescales for the dust
velocity and the random force. We obtain the dust ve-
locity from Eq. (13) in the following form
v(t) = v(0)e−γt +
∫ t
0
f (t ′)e−γ(t−t
′)dt ′. (16)
Multiplying Eq. (16) by v(0), and performing an appro-
priate ensemble average 〈...〉, and by using 〈v(0)f(t)〉 = 0,
we obtain
Cv(t) = 〈v(0)2〉e−γt; (17)
then, by substituting Eq. (17) into (15), we find
τr =
1
〈v(0)2〉
∫ ∞
0
〈v(0)2〉e−γtdt = 1
γ
. (18)
The random force autocorrelation function is obtained
by substituting t′ = 0 into Eq. (5)
Cf (t) =
e2E2
m2d
〈δZ2〉 exp (−βt) ,
then, by substituting Cf (t) into Eq. (15), one finds
τc =
∫ ∞
0
e−βtdt =
1
β
. (19)
When the damping rate of the neutral gas is much smaller
than the dust charging frequency, i.e., γ  β, the
stochastic process for the velocity v(t) of the dust parti-
cle can be considered as a Markov process, and memory
effects in the velovity relaxation can reasonably be ne-
glected. In this case, the Langevin equation (Eq. (13)) is
appropriate for the description of the dust motion under
the influence of the random force due to charge fluctua-
tions. In general, the values of the damping rate and the
charging frequency entirely depend on the plasma param-
eters. For example, we consider three different types of
plasmas with neon, argon, and krypton neutral gases, and
estimate the values of γ and β using typical experimen-
tal values for various parameters. We assume the neu-
tral gases at room temperature and in the range of pres-
sures 0.5–1.0 Torr. We also assume Te=4 eV,Te/Ti=40,
ni=10
8cm−3, and the silica dust particle with radius
a=0.5 µm and the mass density ρ=2 g/cm3. For neon,
4argon, and krypton neutral gases with Te/Ti=40, the ab-
solute magnitudes of the dust charge are z ∼2.6, 2.8, and
3.2, respectively22,26. With the given parameters, we cal-
culate the charging frequency from Eq. (2). The values
of the relaxation time of the random force due to dust
charge fluctuations τc=β
−1 (in seconds) are listed in the
last column of Table I.
To calculate the timescale τr from Eq. (18), we first
need to find the damping rate. When the neutral gas
mean free path is long compared to the dust grain ra-
dius, it is appropriate to use the Epstein drag force to
calculate γ27,28. The mean free path values of neon, ar-
gon, and krypton atoms at the maximal pressure used
(1.0 Torr) are approximately equal to 92, 60, and 40 µm,
respectively. These are about 184, 120, and 80 times
larger than the dust grain radius (0.5 µm). Thus, the
damping rate is given by the Epstein formula
γ = δ
√
8
pi
(
Tg
mg
)− 12 P
ρa
, (20)
where mg, Tg, P are the mass, temperature, and pres-
sure of the neutral gas, respectively. The parameter δ is
1 for specular reflection or 1.39 for diffuse reflection of
the neutral gas atoms from the dust grain27,28. We use
δ=1.39 and the given parameters to calculate the damp-
ing rate from Eq. (20). The relaxation time values of the
dust velocity τr=γ
−1 (in seconds) are tabulated in Table I
for each gas at various pressures. As shown in Table I,
with increasing the pressure (or equivalently increasing
the density) of the neutral gas, the relaxation time of
the dust velocity becomes comparable to the relaxation
time of the random force. Thus, in this situation, the as-
sumption of the fast rate for charge fluctuations becomes
inappropriate, and memory effects in the velocity of the
dust particle cannot be neglected. As a result, the normal
Langevin equation becomes inappropriate for the descrip-
tion of the dust motion because this equation is built on
the Markovian assumption with no memory. When τr be-
comes comparable to τc, the memory effects in the relax-
ation of the dust velocity become important, because at
the times of the same order of τc, the random forces due
to dust charge fluctuations are correlated. As a result,
the velocity of the dust particle at the current time de-
pends on its velocity at past times, and it means that the
process of the dust velocity relaxation is retarded, and
these retarded effects (or equivalently memory effects)
are characterized with memory kernel in the friction force
within Langevin equation. Now, this equation with re-
tarded friction is called the fractional Langevin equation.
Hence, the fractional Langevin equation is built on the
non-Markovian assumption, while the Langevin equation
without the existence a retarded friction is built on the
Markov assumption. Note that, as shown in Table I, we
study the regime τr ≈ τc not τr  τc, because in the
regime τr  τc, the damping rate of the neutral gas is
very high and the kinetic energy transferred to the dust
(due to charge fluctuations) is totally dissipated by fric-
tion with the neutral gas, as mentioned in Ref. [10].
TABLE I. The values of the relaxation time of the dust veloc-
ity τr for each gas at various pressures. P in Torr, τr and τc in
s. With increasing the gas pressure, τr becomes comparable
to τc.
Gas P=0.5 P=0.8 P=1.0 τc
Kr 1.2×10−3 7.3×10−4 5.8×10−4 1.9×10−4
Ar 1.7×10−3 1.1×10−3 8.4×10−4 1.4×10−4
Ne 2.4×10−3 1.5×10−3 1.2×10−3 1.1×10−4
In the next section, we introduce a model based on
fractional Langevin equation for the evolution process of
the dust particle as a non-Markov process with memory
effects in the velocity.
III. BASIC EQUATION AND
FLUCTUATION-DISSIPATION THEOREM
Now, we consider memory effects in the velocity relax-
ation of an isolated dust particle exposed to the random
force due to dust charge fluctuations. We model the mo-
tion of the dust grain based on the fractional Langevin
equation (FLE) because this equation includes a retarded
friction force with a memory kernel function, which is
non-local in time, and shows memory effects in the ve-
locity relaxation of the dust particle. The FLE is as
follows29
v˙(t) +
γ¯
Γ(1− α)
∫ t
0
( |t− t′|
τc
)−α
v(t′)dt′ = f(t), (21)
where 0< α <1, and Γ(1 − α) is the gamma function.
γ¯ is the scaling factor with physical dimension (time)−2,
and must be introduced to ensure the correct dimension
of the equation. We define γ¯ = (τrτc)
−1, so that for
α=1, and according to the Dirac generalized function,
δ(t−t′)=|t−t′|−1/Γ(0)30, Eq. (21) reduces to the normal
Langevin equation (13).
Equation (21) can be rewritten in the following form
v˙(t) +
∫ t
0
γ(t− t′)v(t′)dt′ = f(t), (22)
where
γ(t− t′) = (τrτc)
−1
Γ(1− α)
( |t− t′|
τc
)−α
(23)
is often called the memory kernel function. It is inter-
esting to know that the name fractional in the fractional
Langevin equation originates from the fractional deriva-
tive, which is defined in the Caputo sense as follows31
dαf(t)
dtα
= 0Dα−1t
(
df(t)
dt
)
,
5where 0Dα−1t is the Riemann-Liouville fractional inte-
gral32,33
0Dα−1t f(t) =
1
Γ(1− α)
∫ t
0
(t− t′)−α f(t′)dt′; (24)
consequently, the fractional Langevin equation reads
v˙(t) +
γ¯
τ−αc
dαx(t)
dtα
= f(t);
therefore, the name fractional Langevin equation is con-
firmed.
Now, we need to derive a suitable relation between the
memory kernel and the autocorrelation function of the
random force. To this end, we first define the Fourier
transforms for the velocity and random force as follows
v(ω) =
∫ ∞
−∞
v(t) eiωtdt, f(ω) =
∫ ∞
−∞
f(t) eiωtdt. (25)
Using Eq. (25) and taking the Fourier transform of
Eq. (22) yields
v(ω) =
f(ω)
−iω + γ(ω) (26)
where γ(ω), defined by γ(ω) =
∫∞
0
γ(t) eiωtdt, denotes
the Fourier-Laplace transform of the memory kernel γ(t).
The velocity autocorrelation function is defined by the
formula:
Cv(τ) = 〈v(t)v(t+ τ)〉 = lim
θ→∞
1
θ
∫ θ/2
−θ/2
v(t)v(t+ τ)dt,
(27)
where θ is the time interval for the integration. Gener-
ally, the power spectrum S(ω) and the autocorrelation
function of a stochastic process C(τ) are related by the
Wiener-Khintchine theorem34
S(ω) =
∫ ∞
−∞
C(τ) eiωτdτ, (28a)
C(τ) =
1
2pi
∫ ∞
−∞
S(ω) e−iωτdω. (28b)
By substituting Cv(τ) from Eq. (27) into (28a) and using
Eq. (25), we obtain the velocity power spectrum as
Sv(ω) = lim
θ→∞
1
θ
|v(ω)|2; (29)
then, by using Eq. (26), we obtain the relation between
the power spectrums of the velocity and random force
Sv(ω) =
Sf (ω)
|γ(ω)− iω|2 , (30)
where Sf (ω)=limθ→∞ 1θ |f(ω)|2 is the power spectrum of
the random force. Note that Eq. (30) was obtained by us-
ing the fractional Langevin equation for the non-Markov
velocity process. In the same way, we obtain the relation
between the power spectrums of the velocity and random
force for the Markov velocity process by using the normal
Langevin equation in the following form
Sv(ω) =
Sf (ω)
|γ − iω|2 . (31)
When the power spectrum of the random force Sf (ω)
is given, the above equation yields the velocity power
spectrum Sv(ω) from which the VACF is obtained by
Eq. (28b). If VACF should include the velocity in
the thermal equilibrium (i.e., at sufficiently long times),
Sf (ω) is required to satisfy a special condition. Now, we
obtain this condition. In the long-time limit (|t − t′| 
τc), the autocorrelation function of the random force ob-
tained from Eq. (5) reduces to the following form
Cf (τ) = 〈f(t)f(t+ τ)〉 = e
2E2
m2dβ
〈δZ2〉δ(τ); (32)
then, by using Eq. (28a), the force power spectrum reads
Sf =
e2E2
m2dβ
〈δZ2〉. (33)
The mean-square velocity 〈v2〉 can be evaluated by
substituting τ=0 into Eq. (27). Thus, by using
Eqs. (33), (31), and (28b), one finds
〈v2〉 = Sf
2γ
=
e2E2〈δZ2〉
2m2dβγ
. (34)
As we mentioned before, the mean-square velocity in the
long-time limit (the equilibrium velocity) is representa-
tive of the dust temperature
Td = md〈v2〉. (35)
Thus, by using Eqs. (34) and (35), the special condi-
tion for the power spectrum of the random force Sf (ω)
is obtained by
Sf =
2Tdγ
md
. (36)
It is important to note that this condition, i.e., Eq. (36),
was obtained by using Eq. (31) for the Markov veloc-
ity process. For the non-Markov velocity process given
by the FLE , the relation between the power spectrums
of the velocity and random force is given by Eq. (30)
instead of (31); hence, the condition for the power spec-
trum Sf (ω), in this case, is a generalization of Eq. (36)
as follows
Sf (ω) =
2Td
md
Re (γ(ω)) ; (37)
then, by using Eqs. (25), (28a), and (37), we obtain
〈f(ω)f∗(ω′)〉 = 2piSf (ω)δ(ω − ω′)
6〈f(ω)f∗(ω′)〉 = 4piTd
md
Re (γ(ω)δ(ω − ω′)) , (38)
where f∗(ω′) is the complex conjugate of the function
f(ω′). Therefore, we obtain the relation between the
autocorrelation function of the random force and the
memory kernel by using the inverse Fourier transform
of Eq. (38)
〈f(t)f(t′)〉 = Td
md
γ(t− t′) = Sf
2γ
γ(t− t′). (39)
We call this the fluctuation-dissipation theorem for the
dust particle because dust charge fluctuations (Sf ∝
〈δZ2〉, according to Eq. (33)) are necessarily accompa-
nied by the friction (γ in the denominator). It is impor-
tant to note that in FLE, we have normalized the time
|t− t′| to the correlation time τc. The reason for this can
be found from the fluctuation-dissipation theorem. Ac-
cording to Eq. (23), for |t− t′|  τc, the memory kernel
relaxes to zero. Consequently, by using the fluctuation-
dissipation theorem, 〈f(t)f(t′)〉 relaxes to zero. Thus,
the characteristic time of the memory relaxation is the
correlation time of the random force due to charge fluc-
tuations.
Now, we solve Eq. (22) for the dust velocity with the
initial conditions x0=x(0) and v0=v(0), by using the
Laplace transform technique. We obtain
v(t) = 〈v(t)〉+
∫ t
0
g(t− t′)f(t′)dt′, (40)
where 〈v(t)〉=v0g(t) is the mean dust velocity, and the
function g(t) is the inverse Laplace transform of
gˆ(s) =
1
s+ γˆ(s)
=
1
s+ γ (τcs)
α−1 , (41)
where γˆ(s)=γ (τcs)
α−1
is the Laplace transform of the
memory kernel γ(t), and the Laplace transform of the
function f(t) is defined by fˆ(s)=
∫∞
0
f(t)e−stdt. To find
the function g(t), we first need to introduce the Mittag-
Leffler (ML) function Eα (at
α) as follows35
Eα (at
α) =
∞∑
n=0
(atα)
n
Γ(αn+ 1)
, α > 0. (42)
The ML function is a generalization of the exponential
function. For α=1, we have the exponential function,
E1(at)=e
at . The Laplace transform of the ML function
is given by36∫ ∞
0
Eα(at
α)e−stdt =
s−1
1− as−α . (43)
Thus, by using Eqs. (41) and (43), one finds
g(t) = E2−α
(
−γτc (t/τc)2−α
)
. (44)
The dust particle velocity is the derivative of the dust
position. Therefore, the position of the dust particle is
obtained by
x(t) = 〈x(t)〉+
∫ t
0
G(t− t′)f(t′)dt′, (45)
where 〈x(t)〉=x0 + v0G(t) is the mean dust particle po-
sition, and G(t)=
∫ t
0
g(t′)dt′. To calculate the function
G(t) in terms of the ML function, we use the following
identity36
d
dt
tβ−1Eα,β (atα) = tβ−2Eα,β−1 (atα) , (46)
where
Eα,β (at
α) =
∞∑
n=0
(atα)
n
Γ(αn+ β)
, α, β > 0 (47)
is the generalization of the ML function that for β=1
reduces to Eq. (42), i.e., Eα,1 (at
α)=Eα (at
α)37. Then,
by using Eqs. (44), (46), and also using g(t)=dG(t)/dt,
one reads
G(t) = tE2−α,2
(
−γτc (t/τc)2−α
)
. (48)
It is worth mentioning that the functions G(t) and g(t)
help us find the mean-square displacement (MSD) and
the velocity autocorrelation function of the dust particle.
In the next section, we evaluate the MSD and VACF for
the dust particle.
IV. MEAN-SQUARE DISPLACEMENT AND VELOCITY
AUTOCORRELATION FUNCTION
Below, we calculate two diagnostics to characterize the
random motion of the dust particle due to random charge
fluctuations. The first diagnostic is MSD, and it is the
most common quantitative tool used to investigate ran-
dom processes. The MSD of a dust particle is defined by
the relation
MSD = 〈(x(t)− x0)2〉 = (〈x(t)〉 − x0)2 + σ2x, (49)
where σ2x=〈x2(t)〉−〈x(t)〉2 is the variance of the displace-
ment, and 〈...〉 denotes an average over an ensemble of
random trajectories. By using Eqs. (45), (39), and (34),
we have
σ2x =
e2E2〈δZ2〉
2m2dβγ
∫ t
0
dt′
∫ t
0
dt′′G(t− t′)
×G(t− t′′)γ(t′ − t′′). (50)
Using the double Laplace transform technique38,39, and
after some calculations, we obtain the following expres-
sion for the variance
σ2x =
e2E2〈δZ2〉
2m2dβγ
(
2I(t)−G2(t)) , (51)
7where I(t) =
∫ t
0
G(t′)dt′. The function I(t) is obtained
from Eqs. (46) and (48) as follows
I(t) = t2E2−α,3
(
−γτc (t/τc)2−α
)
. (52)
By substituting Eq. (51) into (49), and using x0 = 0 and
〈x(t)〉 = v0G(t), we have
MSD = G2(t)
(
v20 −
e2E2〈δZ2〉
2m2dβγ
)
+
e2E2〈δZ2〉
m2dβγ
I(t); (53)
then, from Eqs. (48) and (52), we get
MSD =
e2E2〈δZ2〉
m2dβγ
t2E2−α,3
(
−γτc (t/τc)2−α
)
+ t2E22−α,2
(
−γτc (t/τc)2−α
)(
v20 −
e2E2〈δZ2〉
2m2dβγ
)
.
(54)
The second diagnostic, VACF, is the average of the ini-
tial velocity of a dust particle multiplied by its velocity at
a later time. To calculate the VACF of the dust grain, we
first calculate the double Laplace transform 〈vˆ(s)vˆ(s′)〉 of
the function 〈vˆ(t)vˆ(t′)〉, and we obtain
〈vˆ(s)vˆ(s′)〉 =
(
v20 −
e2E2〈δZ2〉
2m2dβγ
)
gˆ(s)gˆ(s′)
+
e2E2〈δZ2〉
2m2dβγ
gˆ(s) + gˆ(s′)
s+ s′
, (55)
where vˆ(s), gˆ(s), and Gˆ(s) are Laplace transforms of
v(t), g(t), and G(t), respectively. Taking the inverse dou-
ble Laplace transform of Eq. (55) yields
〈v(t)v(t′)〉 =
(
v20 −
e2E2〈δZ2〉
2m2dβγ
)
g(t)g(t′)
+
e2E2〈δZ2〉
2m2dβγ
g(t− t′); (56)
therefore, by substituting t′=0 into Eq. (56), the VACF
can be written as
Cv(t) = v
2
0g(t) = v
2
0E2−α
(
−γτc (t/τc)2−α
)
. (57)
By substituting α=1 into Eq. (57), we obtain
Cv(t) = v
2
0e
−γt, (58)
which corresponds to the function Cv(t) in Eq. (17) ob-
tained by the Langevin equation (13). As we expected,
the velocity autocorrelation function of dust particle de-
cays exponentially with time for the memoryless case.
V. ASYMPTOTIC BEHAVIORS
In order to gain physical insight, we investigate the
long-time behavior of the MSD and VACF. We first study
the asymptotic behavior of the function g(t) for t  τc.
The asymptotic behavior of the Mittag-Leffler functions
is given by35
Eα(y) ∼ − y
−1
Γ(1− α) , y →∞, (59)
Eα,β(y) ∼ − y
−1
Γ(β − α) , y →∞. (60)
By using Eqs. (59) and (44), we have
g(t) ∼ 1
γτcΓ(α− 1)
(
t
τc
)α−2
. (61)
Also, by using Eqs. (60), (48), and (52), we read
G(t) ∼ 1
γΓ(α)
(
t
τc
)α−1
, (62)
and
I(t) ∼ τc
γΓ(1 + α)
(
t
τc
)α
. (63)
To calculate the dust temperature due to charge fluctu-
ations, by substituting t′=t into Eq. (56); then, by using
Eq. (61), we obtain
〈v2(t)〉 ∼
(
v20 −
e2E2〈δZ2〉
2m2dβγ
)
(t/τc)
2α−4
(γτcΓ(α− 1))2
+
e2E2〈δZ2〉
2m2dβγ
. (64)
We observe that a slow power-law decay like t2α−4 for the
mean-square velocity. In the long-time limit, by applying
t τc to Eq. (64), we obtain the temperature of the dust
particle as follows
Td = md〈v2〉 = e
2E2〈δZ2〉
2mdβγ
, (65)
which coincides with the temperature obtained from the
Markov velocity process10.
To find the long-time behavior of the MSD and VACF
of the dust particle, without loss of generality, we can
choose the initial conditions in the following form
x0 = 0, v
2
0 =
e2E2〈δZ2〉
2m2dβγ
, (66)
where v20 is the mean-square velocity in the thermal equi-
librium given by Eq. (34). Thus, by using Eqs. (53), (66),
and (63), MSD can be written as
MSD = 〈x2(t)〉 ∼ e
2E2〈δZ2〉
m2dβ
2γ2Γ(1 + α)
(
t
τc
)α
. (67)
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FIG. 1. Normalized mean-square displacements as a function
of time: anomalous diffusion for α=0.25, 0.5, 0.75 (dashed
line, solid line, dashed-dotted line).
The MSD obtained from Eq. (67) is a nonlinear func-
tion of time because the exponent α takes the values
0 < α < 1. It implies that fluctuating force by con-
sidering memory effects in the velocity relaxation of the
dust particle leads to the anomalous diffusion of the dust
particle. We emphasize here that the diffusion of a dust
particle means a process of random displacements of a
dust particle in a specified time interval. In Figure 1,
we display the curves 〈x2(t)〉 for the values α=0.25, 0.5,
and 0.75. For the given parameters α, the MSD increases
asymptotically slower than linearly with time (the signa-
ture of anomalous diffusion).
Diffusion coefficient for the anomalous diffusion pro-
cesses is given by the generalized Green-Kubo relation in
the following form40
Dα =
1
Γ(1 + α)
∫ ∞
0
0Dα−1t Cv(t)dt, (68)
where Dα is often called the generalized diffusion coef-
ficient, and 0Dα−1t is the Riemann-Liouville fractional
integral [see Eq. (24)] . For α=1, this relation reduces to
the standard Green-Kubo relation, which holds for the
normal diffusion41,42
D =
∫ ∞
0
Cv(t)dt.
Generalized diffusion coefficient can easily be obtained
by the Laplace transform of Eq. (68). The Laplace trans-
form of the Riemann-Liouville fractional integral is given
by33 ∫ ∞
0
0Dα−1t Cv(t)e−stdt = sα−1Cˆv(s); (69)
then, by using
lim
s→0
∫ ∞
0
0Dα−1t Cv(t)e−stdt =
∫ ∞
0
0Dα−1t Cv(t)dt,
and using Eq. (68), we find
Dα = lim
s→0
1
Γ(1 + α)
sα−1Cˆv(s). (70)
The function Cˆv(s) is obtained by using Eqs. (57), (41),
and (66) as follows
Cˆv(s) = v
2
0 gˆ(s) =
e2E2〈δZ2〉
2m2dβγ
1
s+ γ(τcs)α−1
; (71)
therefore, by substituting Eq. (71) into (70), we find the
generalized diffusion coefficient of the dust particle
Dα =
e2E2〈δZ2〉
2Γ(1 + α)m2dβ
2γ2ταc
, (72)
which has a physical dimension (length)2/(time)α.
Moreover, using Eqs. (57), (61), and (66), the long-
time behavior of the velocity autocorrelation function of
the dust particle can be written as
Cv(t) ∼ e
2E2〈δZ2〉
2m2dγ
2Γ(α− 1)
(
t
τc
)α−2
. (73)
Thus, the function Cv(t) for long times exhibits a power-
law decay instead of the exponential decay [see Eq. (17)].
The power-law decay can obviously be seen in Figure 2
that we show the curves Cv(t) for the values α=0.25, 0.5,
and 0.75. For the given values of the parameter α , the
function Γ(α− 1) is negative, and the curves Cv(t) have
a negative tail at all times, Cv(t) < 0. As we mentioned,
the function Cv(t) is the average of the velocity of a dust
particle at the time t multiplied by its velocity at a later
time. When Cv(t) is negative, this means that there are
anti-correlations between the dust particle velocities at
the time t and the later time t + t′, i.e., the diffusing
dust particle tends to change the direction of its motion
and goes back, which indicates an anti-persistent motion
for the dust particle. In other words, the motion of the
dust particle in a direction at the time t will be followed
by its motion in the opposite direction at the later time,
and the dust particle prefers to continually change its
direction instead of continuing in the same direction; as
a result, the diffusion of the dust grain is slower than
normal case in normal diffusion.
As we expected, in the very long times limit, the veloc-
ity autocorrelation function of the dust particle decays to
zero. It can also be seen by applying the limit t → ∞
to Eq. (73), and this result is consistent with the result
Cv(t)→ 0 obtained from Markov dynamics (by applying
the limit t → ∞ to Cv(t)=v20e−γt from Eq. (17), Cv(t)
goes to zero). The reason for this consistency between
the results (i.e., vanishing Cv(t) in the very long times
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FIG. 2. Normalized velocity autocorrelation functions as a
function of time for α=0.25, 0.5, 0.75 (dashed line, solid line,
dashed-dotted line). The Curves of Cv(t) are negative at all
times.
limit) obtained from non-Markov and Markov dynamics
can be understood as follows. As we showed, at the times
of the order of τr ≈ τc, memory effects in the velocity re-
laxation process of the dust particle become important,
and their effects yield to power-law behavior for MSD
and VACF. However, in very long times, i.e., when the
observation time t is much longer than all characteristic
time scales including the correlation time of the random
force due to dust charge fluctuations τc and the relax-
ation time of the dust velocity τr, there are no longer the
memory effects in the velocity of the dust particle, and
the dynamics of the dust particle in the very long times
limit is a Markov dynamics with no memory effects in
the velocity. Therefore, as in Markov dynamics in the
limit t → ∞, the function Cv(t) goes to zero, the func-
tion Cv(t) obtained from Eq. (73) in the limit t → ∞
approaches to zero.
VI. SUMMARY AND CONCLUSIONS
We have studied memory effects in the velocity relax-
ation of an isolated dust particle. First, we have com-
pared the relaxation timescales of the fluctuating force
and the dust velocity, and have shown that they can be
of the same order of the magnitude, depending on the
plasma parameters. Thus, the fast charge fluctuations as-
sumption does not always hold, and memory effects in the
velocity relaxation should generally be considered. We
have developed a model based on the fractional Langevin
equation for the evolution of the dust particle. Memory
effects in the velocity relaxation of the dust particle have
been introduced by using the memory kernel in this equa-
tion. We have derived a suitable fluctuation-dissipation
theorem for the dust grain, which relates the autocorrela-
tion function of the random force to the memory kernel.
Then, the fractional Langevin equation has been solved
by the Laplace transform technique, and the mean-square
displacement and the velocity autocorrelation function of
the dust grain have been obtained in terms of the gen-
eralized Mittag-Leffler functions. We have investigated
the asymptotic behaviors of the MSD, VACF, general-
ized diffusion coefficient, and the dust temperature due to
charge fluctuations in the long-time limit. We have found
that in the presence of memory effects in the relaxation
of the dust velocity, dust charge fluctuations can cause
the anomalous diffusion of the dust particle, which has
been experimentally observed in laboratory dusty plas-
mas20,21. In this case, the mean-square displacement of
the dust grain has a nonlinear dependence on time, and
the velocity autocorrelation function decays as a power-
law instead of the exponential decay.
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